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INTRODUCTION
Quantum mechanics is an extremely well-established scientific theory. It has been successfully tested against competing "classical" theories for almost 100 years. Such classical-like theories attempt to maintain elements of classicality; examples include hidden-variable theories 1-8 , non-linear extensions of quantum mechanics 9, 10 , and collapse models 11 .
Recently, "post-quantum theories", which still possess inherently quantum features, such as superpostion and "non-locality", have been proposed [12] [13] [14] [15] [16] [17] [18] . Experimental tests of these post-quantum theories have only recently begun [19] [20] [21] . In one class of post-quantum theories-so-called hyper-complex quantum theories [14] [15] [16] [17] [18] 22 -simple phases do not necessarily commute 19, 23 . Here, we experimentally search for this effect by applying two phases to single photons in a Sagnac interferometer. We induce the two phases by very different optical media to enhance any potential noncommutativity. One phase is a standard optical phase induced with a liquid-crystal, and the other is a negative phase which is induced by an artificial nanostructured metamaterial [24] [25] [26] [27] . We find a null result, meaning that the net phase when applying the two phases in either order (meta-material before liquid crystal or vice versa) is equivalent to within at least 0.03
• . This bound is one order of magnitude tighter than previous experimental work 19 . Our experiment demonstrates the combination of a broadband, negative-index metamaterial with singlephoton technology at optical wavelengths. Furthermore, we place bounds on the non-commutativity of phases within any hyper-complex quantum theory.
The superposition principle states that linear combinations of wavefunctions are also valid wavefunctions.
In textbook quantum mechanics these weighting coefficients are complex numbers, but there is no immediate theoretical requirement for this restriction. For example, it was shown by Birkhoff and von Neumann in 1936 that a mathematically consistent quantum theory can be constructed using only real numbers 28 , but such a theory cannot correctly predict the results of certain experiments. One well-known example of this failure is that complex numbers are required to model all physically-realizable two-level systems, such as the polarization state of a photon. So far "complex quantum mechanics" (CQM) has proven necessary to describe most quantum phenomena, but it is not known if it will remain sufficient.
Similarly, one can construct a quantum theory based on hyper-complex numbers 14, 15 , such as quaternions 29 . A quaternion is a mathematical generalization of the complex number with three, rather than one, imaginary components. Quaternionic quantum mechanics (QQM) has attracted much attention, in part because it is a natural and elegant extension of standard quantum theory [14] [15] [16] [17] [18] [19] [20] 23, 30 . Unlike other post-quantum theories, QQM does not necessarily modify the postulates of quantum mechanics 12, [31] [32] [33] . However, QQM makes certain experimental predictions which are different from predictions of complex quantum mechanics, just like the predictions of a real quantum theory disagree with those of a complex theory.
One disagreement between CQM and QQM is the (non) commutativity of phases. In CQM phases commute, since they are described by complex numbers. However, quaternions do not commute in general, thus in QQM phases will not necessarily commute. Based on this idea, in 1979 Asher Peres proposed several experimental tests to search for quaternions in quantum mechanics 23 . Because of technological limitations at the time, only a single neutron experiment has tested his ideas 19 . Inspired by Peres, here we present an experiment that allows us to precisely search for the phase non-commutativity predicted by QQM. To do so we exploit modern photonic quantum technologies, which provide a proven platform for foundational tests 3-8,34-36 .
EXPERIMENTAL PROPOSAL
Our experiment is based on a Sagnac interferometer containing different phases. As illustrated in Fig. 1a , a perfectly balanced Sagnac interferometer, with an even number of reflections, results in all of the photons exiting through the same port that they entered. This results in a "bright port" and a "dark port". However, this assumes that the phases commute, as CQM dictates. To be more specific, let A and B be two phase operators A = αI, and B = βI (where I is the identity operator). In CQM α and β are complex numbers, but in general they could be quaternions, or other hyper-complex numbers. Then the probability to detect a photon in the dark port, in an ideal interferometer with no experimental imperfections, depends on the commutator of α and β as
In CQM, α = e iφ A and β = e iφ B are complex numbers, where φ A and φ B are real numbers. In this case P ideal D = 0. On the other hand, in QQM α and β are quaternions, which do not generally commute; hence, we expect that P ideal D can deviate from 0. See the Appendix, Eq. 11 for more details.
In practice, photons can also leak into the dark port because of experimental imperfections. We can quantify the imperfections of the Sagnac interferometer by a visibility, defined as v = (P B − P D )/(P B + P D ), that is less than 1. Here, P D (P B ) is the probability to detect a photon in the dark (bright) port. In the Appendix we show that, for such an imperfect Sagnac interferometer with two non-commuting phases,
Since we expect any deviation from CQM to be small, we expect P D to be small. Thus, we measure an amplified signal by interfering the bright and dark ports of the Sagnac interferometer in a Mach-Zehnder-like interferometer (Fig. 1b) . If the relative phase φ between these ports is scanned, the count rate in either output port of the Mach-Zhender interferometer will oscillate as P MZ = 1 2 + 1 2 V cos φ, where V is the visibility of P MZ :
Our goal is to measure this visibility V experimentally when different phases are present in the Sagnac interferometer, and use this information to draw conclusions about the commutativity of the phases in our experiment via Γ. As we will see, if we perform two different measurements, each with different phases in the interferometer (two different values of Γ), we can alltogher avoid needing to know v the visibility of the Sagnac interferometer. The choice of test phases is important for discovering potential quanternionic phases. In his proposal, Peres suggested a neutron interferometry experiment that used materials with complex scattering amplitudes, arguing that such materials would be more likely to have a quaternionic component. Based on this, Kaiser et al used one phase shift with a positive scattering amplitude and one with a negative scattering amplitude 19 . Similarly, we choose two optical materials with very different phase responses: one material with a positive refractive index, and one with a negative refractive index. We use a standard liquid-crystal phase retarder to provide a uniform, low-optical-loss phase shift as our first positive phase.
FIG. 2. Experimental apparatus.
A detailed schematic of experiment to search for a quaternionic contribution to phase shifts. (a) We generate photon pairs in a separable polarization state. One photon is used to herald while the other one is sent to our interferometers. (b) We couple a Sagnac interferometer into a Mach-Zehnder interferometer to search for non-commuting phases. We monitor the interference in the Mach-Zehnder interferometer as its phase φ is scanned. The output photons are detected using single-photon detectors D1 and D2. The detectors are connected to coincidence logic to herald single photons. Two phases are applied inside the Sagnac which we can controllably "turn on" and "turn off". The liquid crystal (LC) is controlled by applying voltage to it, and the negative index metamaterial (NIM) is mounted on a motorized translation stage so it can be "turned off" by physically removing it from the interferometer.
For our second phase we use an artificial nanostructured metamaterial. These materials have recently been used to probe several exciting quantum phenomena 37, 38 . We designed our metamaterial to have a negative refractive index, and thus apply a negative phase. Achieving this requires both the real part of permittivity and permeability to be negative. We obtain this at optical frequencies with a fishnet optical metamaterial which integrates two types of structures together -one with a negative permittivity, and one with a negative permeability. See the Appendix for more information.
RESULTS
A sketch of our experimental implementation is presented in Fig. 2 . We send heralded single photons (see the Appendix) into a Sagnac interferometer. The Sagnac interferometer has two output modes, labelled B and D in Fig. 2 . CQM predicts that B is the bright port, and D is the dark port. After exiting the Sagnac interferometer, photons in mode B reflect off of BS1, and those in mode D reflect off of BS2. Beamsplitter BS2 is used to reflect mode D so that both modes experience the same attenuation, as this yields the highest visibility interference. The two modes then interfere at BS4. To ensure high-visibility interference, the input light is polarized with polarizer P1, and two final polarizers P2 and P3 (aligned to P1) are placed before the fiber couplers. Finally, both modes are coupled into single-mode fiber for spatial filtering.
To measure the interference between the B and D modes, BS2 is mounted on a piezo-actuated translation stage to scan the phase φ. Because the visibility of the Sagnac interferometer is not perfect (v < 1), we observe interference even without any phases in the Sagnac. This reference signal is shown in the bottom panel of Fig. 3a . In this graph, the counts registered at detector D1 are plotted versus the position of the translation stage. We also collect the photons exiting the other port, at detector D2 to normalize the data; these normalized data are plotted in the upper panel of Fig. 3a . We extract the visibility of the normalized curve by fitting the data, as described in the Appendix, and we find that the visibility is V o = 0.038 ± 0.001. The error bars are determined from the uncertainty of the fit parameters.
After characterizing our setup with no additional internal phases in the Sagnac interferometer we must characterize the individual effect of each of the two phases. We first turn on liquid-crystal phase retarder (LC) by applying a voltage that results in an effective phase of π rad (see Fig. 1d for the details of our LC). A resulting interference signal is shown in Fig. 3b . On a single run, turning the LC on does not introduce any measurable effects: the visibility is still V LC = 0.038±0.001. To reduce the influence of statistical fluctuations, this measurement is repeated 402 times. This minimizes the effects of long term noise, since each run is faster than any observable fluctuation. We find that the LC produces an average visibility difference of ∆ LC = V LC −V o = 0.002±0.003. This result is consistent with 0, so we see turning on the LC has essentially no effect on our experimental apparatus. This confirms that the visibility of the Sagnac interferometer v is independent of the LC, and we can use this result to bound the systematic error induced by the LC. Note that these two measurements (presented in Fig. 3a and 3b) are only used to characterize our apparatus.
Next, we study the second phase: a negative phase shift of −π, which is induced by inserting the negative index metamaterial (NIM) into the Sagnac interferometer. The results of the negative-phase characterization are presented in Fig. 1c . Data with the NIM inserted and the LC phase set to 0 rad are shown in Fig. 3c . The NIM has a transmission of 13% at 790 nm, which is evident in the lower count rate of the raw data. We find that inserting the NIM marginally decreases the visibility of the Sagnac interferometer, leading to an increased MachZehnder visibility of V NIM = 0.042 ± 0.002. This visi- 
, computed from the data in panel (a). The mean value of this distribution is used to compute a phase difference between photons seeing the liquid-crystal phase retarder before of after the metamaterial. A mean value of this distribution that is not equal to 1 would indicate some form of non-commutativity.
bility increase occurs because inserting the NIM slightly degrades or shifts the spatial modes inside the Sagnac interferometer. We believe that this increase in visibility is rather a systematic error, and not the quaternionic effect that we are interested in.
To observe an effect due to potential noncommutativity we only need study how visbilities change in response to different phases in the interferometer. Since the systematic error of the LC phase is much smaller than the error caused by inserting the NIM, we leave the NIM inserted and compare the visibility when the LC phase is set to 0 rad and π rad. This allows us to neglect the larger systematic error of inserting the NIM.
Data with both the NIM inserted and LC phase set to π are shown in Fig. 3d , and have a visibility of V BOTH = 0.040 ± 0.002. We need to compare this to the data presented in Fig. 3c . On a single run the two visibilities are equal within experimental error, i.e. V NIM = V BOTH . This already indicates that the two phases commute.
To decrease our statistical errors to the level of the LC systematic error, we repeat this experiment. We first set the LC to first to 0 rad and then π rad a total of 761 times, while leaving the NIM inserted the entire time. In other words, we generate the data presented in Fig. 3c and 3d many times. For each run we measure ∆V = V BOTH − V NIM for the data collected out of both ports at detecctors D1 and D2, yielding a total of 1522 values for ∆V . These data are shown in Fig. 4a , and a histogram of these results in presented in Fig. 4b . Notice that on a given trial, V NIM can appear larger than V BOTH , leading to a negative value. However, within error V NIM and V BOTH are equal for most trials. To be more precise, we examine the mean value of this distribution ∆V = 0.0006 ± 0.005. This is consistent with zero, and it indicates that the two phases in our experiment commute with a very high precision. The statistical error on ∆V is 0.005, which is slightly larger than the systematic error coming from turning on the LC.
DISCUSSION
As a final step we convert our visibility change into a figure of merit which provides more insight into the physical meaning of our results, and allows us to compare our result to a previous neutron interferometry experiment 19 . Although we should point out that the deviation from CQM could be different for neutrons and photons. In the neutron experiment it was found that two interference patterns (each created with two phases shifters inserted in either order) were shifted by less than 0.3
• . Then, since each phase shifter imparted a phase on the order of 10, 000
• , they concluded that any quaternionic contribution must be less than 1 part in 30, 000. However, this assumes that the quaterionic phase is linearly proportional to total phase-there is no such requirement in QQM (see the Appendix). In fact, the quaternionic phase could be completely independent of the standard quantum phase. Thus only the absolute deviation from CQM's predictions is relevant to the quaternionic non-commutativity, and relevant bound from the previous work is 0.3
• .
To start this conversion, we extract the ratio of Γ when both phases are activated to Γ when only the NIM is inside the Sagnac, Γ BOTH /Γ NIM , from the following definition
Here, Γ BOTH is defined in Eq. 17, and Γ NIM is defined in Eq. 19 of the Appendix. If this ratio deviates from 1, then there must be some non-commutativity. We can further convert this ratio into a phase shift simply as θ = acos( ΓBOTH ΓNIM ). See the Appendix for more details. We use Eq. 4 to compute Γ BOTH /Γ NIM for every data point, the resulting distribution is shown in the inset of Fig. 4b . From the mean of this distribution we find Γ BOTH /Γ NIM = 1 with a precision of 2 × 10 −7 , i.e. Γ BOTH /Γ NIM = 0.99999999 ± 2 × 10 −7 . Converting this a phase shift yields a bound of θ = 0.03
• -one order of magnitude smaller than the previous experiment.
In light of this analysis, our result can be seen as an extremely high-precision measurement of a phase shift between the two modes of the Sagnac interferometer. In principle, such a phase shift could arise from other effects, even in a common-path Sagnac interferometer such as ours. However, in our estimation, all of these potential phase shifts are orders of magnitude smaller than our null result. For example, given the geometry of our interferometer, the rotation of the Earth could lead to a phase shift of at most 10 −4 degrees; Faraday effects caused by the Earth's magnetic field would be even smaller. Since they would be constant, all such phase shifts would present themselves as a reduced visibility of the Sagnac interferometer. Although we find an imperfect visibility of the Sagnac interferometer, we attribute this to a slight mismatch between the spatial modes of the Sagnac interferometer. Given the polarizers before and after the interferometer, polarization mismatch between the two modes, although possible, is very small. We observed that this effect is smaller than the the spatial mismatch of the two modes. Moreover, these effects lead to an systematic decrease in the visibility of the Sagnac interferometer, and our data analysis accounts for this.
Our work is the first direct search for the presence of quaternions in optics 20 . It is enabled by the combination of a novel negative-index metamaterial with standard optical photonic technology. We have tightened the previous bound on quaternionic non-commutativty, finding that a quaternionic description of quantum mechanics is not required for our experiment. Our bound is relevant to any work generalizing quantum mechanics. It is still very important to continue the search for effects predicted by new, generalized quantum theories. Further tests of QQM could be performed in optics using other methods to apply phases, or in other physical systems using molecular, electron, or other matter-wave interferometers. Our single-photon source is based on a Sagnac interferometer, commonly used to create polarization-entangled photon pairs, but we generate photon pairs in a separable polarization state. Our Sagnac loop is built using a dual-wavelength polarizing beamsplitter (dPBS) and two mirrors. A type-II collinear periodically-poled Potassium Titanyl Phosphate (PPKTP) crystal of length 20 mm is placed inside the loop and pumped by a 23.7 mW diode laser centered at 395 nm. This results in photon pairs at a degenerate wavelength of 790 nm. The pump beam polarization is set to horizontal in order to generate the down-converted photons in a separable polarization state |H |V . The dichroic mirror (DM) transmits the pump beam and reflects the down-converted photons, and the half wave plate (HWP) and quarter waveplate (QWP) are used to adjust the polarization of the pump beam. Long (LP) and narrow band (BP) pass filters block the pump beam and select the desired down-converted wavelength. Polarizers are aligned to transmit only downconverted photons with the desired polarization. After this, the down-converted photon pairs are coupled into single-mode fibres (SMF), and one photon from the pair is used as a herald while the other single photon is sent to the rest of the experiment using a fibre collimator (FC).
B. Theoretical Treatment of the Sagnac Interferometer
Here we derive the probability of a photon incident on an imperfect Sagnac interferometer to exit the "dark port" if two phases internal to the Sagnac interferometer do not commute.
We start with a single-photon incident on a 50:50 beamsplitter. Ideally, given a 50:50 beamsplitter and a reflection phase of π/2, the state of a photon after reflecting is:
where CW and CCW refer to the clockwise and counterclockwise modes in Fig. 1a , respectively. Next, applying two phases (as in Fig. 1a) , represented by operators A and B, we have
To be completely general we will assume that the 'i' does not commute with A and B.
The operators A and B can be represented as
where I is the identity operator. In complex quantum mechanics α = e iφ A and β = e iφ B , where φ A and φ B are real numbers. In this case, α and β are complex numbers so A and B commute. However, in quaternionic quantum mechanics the phase φ A is generalized to vector {φ Now, the operators A and B of Eq. 7 no longer commute in general. In fact, α and β could be even more general hyper-complex numbers, consisting of more than three imaginary components.
Next, by applying the form of the operators defined in Eq. 7, we can write state in Eq. 6 as
In complex quantum mechanics, αβ = βα and the two complex numbers describe a global phase, so they have no effect on experimental outcomes. However, if α and β do not commute, the output state is
Thus the probability for an incident photon to exit the Sagnac interferometer via the dark port (the amplitude of the second term) is
This quantifies the degree of commutativity between α, β, and i. If α, β, and i all mutually commute it is zero. Moreover, if i commutes with α and β it simply becomes the commutator of α and β, as shown in Eq. 1 of the main text. We will next treat the imperfect alignment of our interferometer. We start by writing the state from Eq. 9 as a density matrix 1 2
where the * denotes the conjugate of a quaternion or complex number. Let our Sagnac interferometer have a visibility of v = (P B − P D )/(P P + P D ), where P D and P B are the intensities of the dark and bright ports, respectively. We can model this by simply scaling the coherences by v, as 1 2
This reduced coherence can be derived by coupling the CW and CCW modes to additional modes, and then tracing out those additional modes. This is a very general method to model imperfections since it does not require any assumptions on the types of imperfections: the CW and CCW modes could couple to additional spatial modes, temporal modes, etc. Again, we can compute the probability to find the photon in the dark port by applying the beamsplitter transformation. Doing so yields
Then the probability of the photon to exit the bright port is simply P B = 1 − P D .
C. Theoretical Treatment of the Mach-Zhender Interferometer
After the Sagnac interferometer, the bright and dark ports are interfered in our Mach-Zehnder interferometer (see Fig. 1b ). Interfering two optical fields, with intensities of P B and P D , on a 50:50 beamsplitter results in a signal with a visibility of.
The same result holds if P B and P D are instead the probabilities of finding a photon in either path. Thus, the visibility of the Mach-Zehnder interferometer with both phases inserted in the Sagnac interferometer, can be computed from P D (Eq. 14). After simplifying, we arrive at
where
This visibility V BOTH is a function of both the degree of commutativity |iαβ−βαi| and the visibility of the Sagnac interferometer v. To compare to our experimental procedure imagine that we turn off the liquid-crystal phase (which we represent by α) and leave the negative-index metamaterial inserted. Then α drops out and the degree of commutativity become the commutator of i and β, so Eq. 16 becomes
This visibility that depends on the commutation of the negative-index metamaterial with the reflection phase inside the Sagnac interferometer, and on the visibility v of the Sagnac interferometer. By combining equations 18 and 16 we arrive at a result which does not depends only on two measurable visibilities of the Mach-Zehnder interferometer, and not on the visibility v of the Sagnac interferometer:
Thus we can experimentally determine the ratio Γ BOTH /Γ NIM from two visibilities of the Mach-Zehnder interferometer with and without the liquid-crystal phase turned on. The left-hand side of Eq. 20 simplifies to Eq. 2 of the main text if i commutes with both α and β. Notice also that if |iαβ − βαi| = |[i, β]| = 0 this ratio will be one. Thus this parameter is insensitive to a very specific type of non-commutativity where
The reason for defining the quantity Γ BOTH /Γ NIM will become clear in the next section.
D. Converting the Mach-Zhender Visibility Change into a Phase Change
In this section we will derive a figure-of-merit which both provides some physical intuition into our results, and allows us to compare our experimental precision to past work. In the neutron interferometry experiment 19 , two interference signals were measured (each with two phases inserted in a different order), and the phase difference between the two was used place limits on the commutativity of the phases. In our experiment, we measure the visibility of an interference signal which is proportional to the commutator of two phases.
The signal that we monitor arises from an interference between the dark and bright output ports of the Sagnac interferometer. As we show above, if two phases inside the Sagnac do no commute, light will leak into the dark port. Then interfering the bright and dark modes leads to an interference signal which has a visibility given by Eq. 15.
Imagine that leakage into the dark port arises from of a phase shift θ between the clockwise and the counterclockwise modes of the Sagnac. Physically, this means that there is a different phase shift if the photon sees the metamaterial before or after the liquid-crystal. It is straightforward to show, within CQM, that if the two modes of a Sagnac interferometer experience a phase shift θ the probabilities of the photon exiting either port become
where v is the visibility of the Sagnac interferometer. Now substituting Eq. 21 into Eq. 15 we arrive at the visibility of the Mach-Zehnder interferometer as a function of the phase inside the Sagnac interferometer
Experimentally, we measure two visibilities of the Mach-Zehnder interferometer, which we now attribute to a phase change in the Sagnac interferometer. In the present picture, V (θ) and V (0) are the visibilities of the Mach-Zehnder interferometer with and without a phase difference between the clockwise and counter-clockwise modes. Thus, we will equate V (0) to the visibility when only one phase is inside the Sagnac interferometer V NIM ≡ V (0), and V (θ) to the visibility when both phases are in the Sagnac interferometer V BOTH ≡ V (θ). Then we will substitute Eq. 22 into 20, simplifying and solving for θ. Doing this yields
We can then understand this θ as an effective phase shift between the clockwise and counter-clockwise modes, arising from the non-commutativity of the phases. So we see that measuring these two visibilities allows us to use Eq. 23 to convert our result into this phase. Doing this, and using Gaussian error propagation on Eq. 23 results in θ < 0.03
E. Fitting to Extract Visibility
To extract the visibility from the normalized data we fit a sinusoid to the data, and calculate the visibility from the fit parameters. The explicit form of our fitting equation is
where A, B, f , and p are all free parameters. The visibility of this curve in Eq. 24 in terms of the fit parameters is
We compute the error on each visibility using Gaussian error propagation, starting with the fitting uncertainties.
F. Liquid crystal retarder
We use a commercial nematic liquid crystal cell whose molecules orient to an applied electrical field. We characterize the LC by placing it between two polarizing beamsplitter cubes with its optical axis at an angle of 45
• . We then measure the light intensity transmitted through the second PBS as we vary the voltage applied to the LC. Since the transmitted intensity is proportional to 1 2 (1 + cos θ), where θ is the relative phase imparted by the LC, this measurement allows us to determine the relative phase (modulo 2π) effected by the LC as a function of the applied voltage. The measured relative phase of the LC is shown in Fig 1d. 
G. Negative-Index Metamaterial
In our experiment, we use use a fishnet metamaterial to achieve an optical medium with a negative refractiveindex. Our meta-material consists of 7 physical layers Fig. 5b . To verify the negative phase response of the NIM, we use a spectrally and spatially resolved interferometry setup. Fabrication -In order to attain negative phase for light passing through the sample, a suspended fishnet negative index metamaterial (NIM) is fabricated, hence avoiding any positive phase contribution from the substrate. The fabrication of the NIM starts with a suspended 50 nm ultra-low-stress silicon nitride (Si 3 N 4 ) membrane made from standard MEMS fabrication technologies. The metal-dielectric stack is then deposited onto the Si 3 N 4 membrane using layer-by-layer electron beam evaporation technique at pressure ≈ 1 × 10 −6 Torr. The exact sequence of evaporation is three repetition of alternating silver (Ag, 40 nm) and magnesium fluoride (MgF 2 , 50 nm) layers, followed by a 15 nm of MgF 2 as the capping layer to prevent oxidation from the top side. Next, the sample is turned upside down and mounted on a special stage holder which has a matching trench at the center. The nanostructures are milled by using focused ion-beam (FIB) from the membrane side. This is essential not just for alignment purpose, but also to reduce the optical loss caused by Ga ion penetration into the metal layers. The key fabrication steps are illustrated in Fig.  6 . The final structure made has a slight sidewall angle along the thickness direction (Fig. 7) , but is previously found to have only minor influence on the negative index property. Experimental characterization setup for metamaterial -To measure the transmission phase change induced by the fishnet metamaterial across a broad frequency range, we built a spectrally and spatially resolved Mach-Zehnder interferometry setup. Essentially a broadband light source is split into two paths, one passing through the sample while the other serves as a reference beam, before recombining them at the input of an imaging spectrometer. The two beams interfere at different angles to produce interference fringes along the vertical axis of the imaging camera. A change in the optical path length of one of the beams will therefore cause the interference fringe to shift vertically on the image plane. By measuring the interferogram with and without the sample, and comparing them using Fourier analysis, the metamaterial induced phase change can therefore be obtained. Importantly, the phase change at different wavelengths can be captured simultaneously along the horizontal axis of the camera in a single-shot measurement. Numerical design and experimental measurement of metamaterial -The transmission property of the sample is important for the statistical reliability of the single photon measurement result. We performed three-dimensional full-wave finite-difference time-domain (FDTD) numerical simulations to optimize the design of the fishnet metamaterials such that the structure can attain a relatively high transmission while acquiring a negative refractive index at the desired wavelength of 790 nm. The computation is carried out using realistic material properties taking into account the dissipative loss of the silver metal used. The polarization is chosen to be E x (see Fig. 5 ), which allows excitation of the antisymmetric magnetic resonance whereby negative permeability (thus negative index) can be attained. As shown in Fig. 9 , several transmission peaks are observed. This multiple resonance feature arises due to the stacking of the metal/dielectric/metal layers, which lead to a lowloss broadband transmission feature at the desired wavelength range. Also shown is the experimental measurement result which matches well with the numerical design values. In particular, the experimental transmission at 790 nm is measured to be 15%, which is among the highest reported in the visible wavelengths for bulk NIM, and is sufficient for single photon experiment.
To extract the materials effective refractive index, we simulate the transmission and reflection (both amplitude and phase) of the designed fishnet metamaterial and then reconstruct the refractive index by using the Fresnel equation. We aim for the index zero-crossing at 750 nm, above which the index will become negative. Fig.  10 shows the simulated refractive index from 650 nm to 850 nm wavelength range, essentially a smooth transition from positive to negative index. Experimentally, using the phase shift values measured by the setup in Fig. 8 , with the standard assumption of negligible multiple reflection within the structure, we could further extract its refractive index values across a broad frequency range, as depicted by the blue line in Fig.10 . The trend basically To illustrate the negative phase delay of the fishnet negative index metamaterial (NIM), we show in Fig. 11 the time evolution of the propagating phase fronts inside the bulk metamaterial at 790 nm wavelength, with the cross section taken at the center of the fishnet holes. The color map represents the normalized electric field in the x-direction. S and k are the Poynting vector and the wave vector, respectively. Unlike conventional positive refractive index metamaterials, the Poynting vector and wave vector are essentially antiparallel inside the NIM, demonstrating the negative phase accumulation and backward wave propagation behavior. Alignment of Metamaterial in Sagnac Interferometer -In our experiment, the NIM is mounted on an automated translation stage so that it can be reliably and repeatably removed and inserted. It has a clear aperture of approximately 20 µm, thus we focus the beam sufficiently to pass through it. To find the optimal position of the NIM, we scan the translation stage, while monitoring the transmission of both the clockwise and counterclockwise modes of the Sagnac interferometer. We align the sample, relative to the focus of the lenses, such that the transmission of both modes is maximised at the same position.Another point of concern is the significant back reflection (≈ 50%) of the NIM for our wavelength range. Since this back reflection can couple to our detectors, we slightly tilt the NIM, by 0.44
• , to reduce this background signal. We tilt the NIM along an carefully chosen axis so as to keep the polarization parallel to the thinner lines of the fishnet nanostructures, it has be shown that in this configuration such metamaterials still work optimally 39 .
FIG. 11.
Time evolution of the phase front at 790 nm.
While the Poynting vector S is always conserved, the wave vector k is shown to be anti-parallel inside the negative index metamaterial. Such backward propagating waves behavior is unique for a material with negative refractive index and negative phase accumulation.
